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I. INTRODUCTION 

Nonclassical effects have attracted substantial interest 
during the last decades. In particular due to the improve- 
ments of experimental techniques in the field of quantum 
optics nonclassical quantum states could be created in 
practice. After the first demonstration of photon anti- 
bunching (ij also sub-Poissonian photon statistics ^^J and 
quadrature squeezing Q could be realized. 

In view of new possibilities of measurement and char- 
acterization of quantum states it became possible to more 
precisely consider the characterization of nonclassical ef- 
fects. The experimental reconstruction of quantum states 
was demonstrated by balanced homodyne tomography 4] 
and some other methods, for a review see j^. In principle 
this allows one to completely characterize the quantum 
states of elementary quantum systems. On this basis an 
old question receives new interest: What are the typical 
signatures of nonclassical effects? 

Besides balanced homodyne detection also homodyne 
correlation measurements have been considered. In the 
particular case of a weak local oscillator it has been shown 
that the method renders it possible to determine unusual 
types of moments, such as normally-ordered moments 
composed of both a field quadrature and the field inten- 
sity H, Q, 111 ■ An important advantage of these measure- 
ment techniques consists in the fact that even for small 
quantum efficiencies the correlation properties of interest 
are not smoothed out, as it is known in balanced homo- 
dyning . For the following it is of some interest that the 
experimental determination of homodyne correlations in 
a multichannel device can be performed in practice j^. 

The definition of nonclassicality that is widely accepted 
in quantum optics is based on the existence of a well- 
behaved P-function. This means that a state is consid- 
ered to have a classical counterpart if the P-function has 
the properties of a probability measure ITU , for a non- 
classical state it fails to be interpreted as a probability. 
However, in addition to this definition also states have 
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been considered to be nonclassical, whose mean photon 
number is small |TH or whose quantum fluctuations are 
close to the vacuum- noise level [l^. It is also interest- 
ing that nonclassical effects in weak measurements have 
been considered to appear even for coherent states and 
for thermal states of small photon numbers T^, 1^ . The 
latter example would support both additional signatures 
of nonclassicality. However, the coherent-state example 
is only consistent with the requirement of the quantum 
noise being close to the vacuum level , it does not re- 
quire a small photon number. We also note that nonclas- 
sical states having negativities in the Wigner function are 
included in the class of nonclassical states we are dealing 
with. 

Let us consider some recent developments of character- 
izing nonclassical effects of a single-mode quantum state. 
The attempt was made to formulate criteria that allow 
one to relate the nonclassicality to observable quantities. 
One approach consists in the use of characteristic func- 
tions of the quadrature distributions |0 . The usefulness 
of the nonclassicality criterion formulated in this way was 
successfully demonstrated in an experiment |l5j |. Later 
on this criterion turned out to be the lowest order of a 
hierarchy of necessary and sufficient conditions for non- 
classicality il^ . This hierarchy is equivalent to the failure 
of Bochner's old criterion for the existence of a classical 
characteristic function [TtL [Tsf , when it is applied to the 
characteristic function of the P-function. 

More recently the attempt was made to reformulate 
the notion of nonclassicality in a form which allows us to 
derive necessary and sufficient conditions in various rep- 
resentations [13 • For example, necessary and sufficient 
conditions in terms of quadrature moments have been 
obtained in this manner. These conditions in terms of 
moments are equivalent to those in terms of characteris- 
tic functions and to the failure of the P-function to be a 
probability distribution. The reformulation of the prob- 
lem in terms of moments includes, a,s special cases, some 
previously discussed conditions |23, |^ The con- 

nection of nonclassicality criteria with the 17th Hilbert 
problem has also been considered • Last but not least, 
it has been proposed to measure the nonclassicality of a 
single-mode quantum state via the entanglement poten- 
tial . This is of particular interest since it shows that 
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the further investigation of the nonclassicaHty of single- 
mode quantum states is of importance even for applica- 
tions that require entangled state. 

The aim of the present paper consists in a more gen- 
eral formulation of the conditions for the nonclassicality 
on the basis of observable moments [l^. Three differ- 
ent types of criteria will be analyzed in detail, which are 
formulated in terms of moments of annihilation and cre- 
ation operators, of two quadrature operators, and of a 
quadrature and the number operator. In the latter case 
we will also discuss the relation of the criteria to Artin's 
solution of the 17th Hilbert problem. We will show that 
all the considered moments can be observed in a straight- 
forward manner by homodyne correlation measurements. 
As a particular example for the usefulness of the methods 
under study we consider the characterization and detec- 
tion of amplitude-squared squeezing . 

The paper is organized as follows. Necessary and suffi- 
cient criteria for the nonclassicality are derived in terms 
of appropriately chosen moments in Sec II. In Sec. Ill 
we propose some approaches for the measurement of 
the moments needed in the new versions of nonclassi- 
cality criteria. Special types of sufficient criteria for 
nonclassicality are consider in Sec. IV, with particular 
emphasis on the characterization of amplitude-squared 
squeezing. In Sec. V the concept is illustrated for a 
special type of minimum-uncertainty amplitude-squared 
squeezed states. A summary and some conclusions are 
given in Sec. VI. 



II. NONCLASSICALITY CRITERIA 

The density operator g of any quantum state can be 
written in the diagonal coherent-state representation 
IB 



P{a)\a){a\d?a. 



(1) 



A quantum state is said to be nonclassical if the corre- 
sponding P-function fails to be interpreted as a prob- 
ability distribution on the complex plane ^10„ ,11 ] . Since 
the P-function may be highly singular, the criterion must 
be reformulated in terms of measured quantities before 
it could be applied for the interpretation of experiments. 

In the following we will derive different versions of cri- 
teria for the nonclassicality of a quantum state in terms of 
normally-ordered moments of two appropriately chosen 
observables. It will be shown that among the possibili- 
ties of choosing two operators that completely describe 
the algebra of the harmonic oscillator there are at least 
two choices that lead to necessary and sufficient condi- 
tions for nonclassicality in terms of moments, for a brief 
consideration of one of these two cases see hj. Other 
choices of operators, however, may only allow one to de- 
rive sufficient conditions for the nonclassicality in terms 
of moments. The reason for this is closely related to 
Artin's solution of the 17th Hilbert problem (2l| . 



We will start with a brief review of the reformulation of 
the nonclassicality criteria in terms of characteristic func- 
tions • In this manner it became possible to formulate 
a complete hierarchy of nonclassicality criteria that can 
be related to experimental data ^| . This approach will 
also be needed as the basis for a rigorous formulation of 
criteria in terms of moments. 



A. Characteristic Functions 

The characteristic function of P{(x), that is its 

two dimensional Fourier transform, is defined as 



$(/?) 



(2) 



It is easy to verify that it obeys the conditions 

$ (0) = Tr(^) = 1, = (3) 

Moreover, <I>(/3) is a continuous function of (3 for any 
quantum state. Therefore it obeys all the requirements to 
app ly the following theorem introduced by Bochner [TtI 
EI: 

Theorem 1 (Bochner theorem) ; The function P{a) 
is a probability distribution on the complex plane if and 
only if for any smooth function f{a) with compact sup- 
port the following expression is nonnegative 



//*<" 



(4) 



The Bochner theorem can also be formulated in a dis- 
crete version by replacing the integrations in Eq. with 
sums. 

The necessary and sufficient conditions for P(a) be- 
ing a probability measure can thus be reformulated in 
terms of the characteristic function. The relation Q is 
fulfilled, if and only if for any order fc = 2, 3, . . . , and for 
all complex (3i, . . . , (3k the determinants 



obey the conditions 



1 

^12 



$12 
1 



*2fc 



2k 



1 



Dk > 0, 



(5) 



(6) 



). Consequently we arrive at the 



where $y = 
following theorem [1 

Theorem 2 .• A quantum state is nonclassical, if and 
only if there exist values Pi, (i = 1, ■ ■ ■ , k) for which at 
least one of the determinants Dk (k — 2, ■ ■ ■ ,oo) attains 
negative values: 

Dk < 0. (7) 

We note that it is straightforward to relate the char- 
acteristic functions <&(/?) to observable characteristic 
functions of quadrature distributions, for more details 
see [11 in 
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B. Moments of a\ a 

In order to derive criteria for nonclassicality in terms of 
moments, let us start with the normally-ordered expec- 
tation value of Hermitian operators of the form j3 



(:/t/:)= / \f{a)\'P{a)d'a. 



(8) 



We will consider only such functions / — f{a\a) of the 
creation and annihilation operators, and a, respec- 
tively, whose normally-ordered form exists. From the 
equation above it immediately follows that on a classical 
state the mean value © is nonnegative for any operator 
/. Hence the occurrence of negative mean values 



(9) 



is a clear signature of the nonclassicality of the quantum 
state under consideration. 

Let us first derive conditions for classicality in terms 
of the moments {a^*'a}). The fact that the mean value 
is nonnegative for any polynomial function 



K L 



(10) 



fc=0 l=Q 



of and a leads to the nonnegativity of the following 
quadratic form 



K L 



^ c:.,c„,„(at"+'a"+'=), (11) 



n,fc— m,/— 



where the coefficients c„m are considered as independent 
variables. Due to Silvester's criterion it is equivalent to 
express this condition in terms of the determinants djsi 
defined by 



An = 



1 


(a) 


(at) 


(a^) 


(ata) 


(at2) 


(at) 


(atfl) 


(at2) 


(ata2) 


(at2a) 




(a) 


(a2) 


(atfl) 




(ata2^ 


(at2a) 




(at^a) 


(at3) 


(at2a2^ 


(atSfl) 




(ata) 


(ata2) 


(at^a) 


(ata3) 


(at2a2) 


(at3a) 




(a3) 


(ata2) 


(a") 


(ata^) 


(at2a2 



N 



The conditions for classicality than read as 
dN ^ 0. 



(12) 



(13) 



To this end, however, these conditions have only been 
demonstrated to be necessary for the state to be classical. 
In order to show that they are necessary and sufficient, 
we will make use of Bochner's theorem. 

To apply the Bochner theorem to moments, let us in- 
troduce the following operator / for any smooth function 
/(a) with compact support: 



/ = / /(a) : Dicx) 



d^a. 



(14) 



Due to the properties of /(a) and the following expansion 
of the normally-ordered displacement operator : D{a) :, 



bia) 



k,l=0 



kill 



(15) 



the operator p4|) is correctly defined and its normally 
ordered form 



-t-oo 



^tfe; 



(16) 



fej=0 



exists. 

The left hand side of the expression Q appearing in 
the Bochner theorem is nothing else but the mean value 
© for the operator (fTIjl . 



{■.ff:)=JjHa~ m* («)/(/?) d'a d'p. (17) 

On the other hand the mean value (: /t/ :) can be rep- 
resented as the following series 



(: Pf ■■) 



E 

.,k,'m.l- 



(at"+'a" 



(18) 



Suppose that all the determinants (|12|l are nonnegative. 
Then all finite sums (|ll|l are also nonnegative. As the se- 
ries (|18|l converges, it can be approximated by finite sums 
(|ll|l and due to this it must be also nonnegative. Even- 
tually the Bochner theorem states that this is equivalent 
to the nonnegativity of the P-function or the classicality 
of the state under consideration. 

Consequently we formulate another theorem for the 
nonclassicality of a quantum state: 

Theorem 3 ; A quantum state is nonclassical if and 
only if at least one of the determinants dN violates the 
condition |i5^) . that is 



djv < 0, TV = 3, 4, 



(19) 



Note that d2 represent the incoherent part of the photon 
number, 



d2 = (at a) - (at) (a). 



(20) 



Since this quantity is always nonnegative it yields no con- 
dition for nonclassicality. 

It is possible to formulate other (sufficient) conditions 
for nonclassicality by considering subdeterminants oi dj^r. 
These subdeterminants are obtained by any pairwise can- 
cellation of such lines and columns in djf that cross in a 
diagonal element of the matrix. The negativity of any 
such subdeterminant is a sufficient condition for nonclas- 
sicality. Criteria of this type may be useful for char- 
acterizing the nonclassical properties of special quantum 
states. Examples for such subdeterminants and for states 
that can be properly characterized by the resulting suffi- 
cient conditions will be studied in Sec. IV. 
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Moments of x^, pip 



Let us now consider two quadrature operators x^p and 
Pip. As the quadrature operators are defined as linear 
combinations of d and a^, the latter can be simply ex- 
pressed in terms of the quadratures as 



pairwise cancellation of such lines and columns in the de- 
terminants that cross in the main diagonal. For example 
one may formulate conditions such as 



,(2) 



.2^ 



< 0. 



(27) 



a = — {Xp + ipp), 



-lip 



(21) 



t s (: 

m 



x^p^ :) of the 
. We note that 



One can reformulate the criteria for nonclassicality in 
terms of the normally-ordered moments 
quadratures, as has been considered in 
instead of using Xp and p^ the criteria could also be for- 
mulated with two arbitrary noncommuting quadratures 
Xp and Xpi , where 7^ (p' ± /ctt (fc = 0, 1, 2, . . . ). This 
more general form of the criteria is simply obtained by 
replacing pp with Xpi in the criteria derived below. 

In the following we will make use of the fact that any 
operator / whose normally-ordered form exists can be 
written as a normally-ordered power series with respect 



to x,„ and 



Pip, 



(22) 



It is important that we use normally ordering here. An 
expansion of / of the same structure, but the normally- 
ordered terms : XpP^ '■ being replaced with i^p™, may 
not exist. From the representation (|22|l it follows that 
the state is classical if and only if all the determinants 
djv defined by 



In 



1 



:.Pp 



{: Xp :) 
{■■ xl :) 

if Pip 



{■■Pip^ ■■) 

{■■p% ■■) 



(23) 



JV 



are nonnegative: 



dN > 0. 



(24) 



Consequently, the criteria for nonclassicality can be 
equivalently formulated by the following theorem: 

Theorem 4 ; A quantum state is nonclassical if and 
only if at least one of the determinants dN violates the 
condition \24^ , that is 



dN<0, N = 2,3,. 



(25) 



In this version already the condition c?2 < gives insight 
into the nonclassicality of quantum states. It represents 
the condition for quadrature squeezing, 



(Ax^ 



< 0. 



(26) 



Note that from the nonclassicality conditions in Eq. H25|l 
together with H23|) we may derive further conditions by 



Conditions formulated in terms of such subdeterminants 
in some cases may be more efficient to describe partic- 
ular nonclassical effects as the formal application of the 
hierarchy of the determinants dN, for an example see |19|. 



D. Moments of Xip ^ ft 

It is also possible to use other pairs of operators that 
together with the unit operator generate the whole oper- 
ator algebra of the harmonic oscillator. Let us consider 
the position operator Xp and the photon number opera- 
tor fi. The annihilation and creation operators a and 
are expressed in terms of the Xp, and h as follows 



d^ = -{x^-[xp,n])e-''P. (28) 



In the present case, however, we need to use the commu- 
tation relation [a, a^] = 1 to express the operators a, 
in terms of ii^, h. Therefore it is no longer possible to 
substitute the expressions if^ into the expansion 
and to rewrite the normally-ordered form (|16|l of the op- 
erator / in terms of normally-ordered expressions in Xp, 
and n as follows: 



+ OC 



x^n' 



(29) 



k.l=Q 



To make this more clear, already a linear term in Hlt)|l . 
such as coifl, has no representation in the form of 
Eq. 123) • 

As a consequence of this fact one cannot conclude that 
the determinants that are similar to (|12|l and l|23(l . but 
with the moments (: i^n' :) instead of ((at)'=a') and 
(• ^'!pP\p '■), respectively, form a complete hierarchy of 
criteria. The reason for this is the following. The not- 
existence of a representation of the form (|29|) for a general 
operator prevents one from relating these determinants 
to the Bochner theorem. Thus the corresponding deter- 
minants do not lead to necessary and sufhcient conditions 
for nonclassicality. 

Because of this situation we will formulate only neces- 
sary conditions for classicality or, the other way around, 
we will derive sufficient conditions for nonclassicality in 
terms of the moments (: Xpfi^ :). The mean value of the 

normally-ordered operator : F{xp,,h) : can be expressed 
in terms of the P-function as 

(: F{x^,h) :) = / F{2Re{ae~"^),\a\^)P{a) d^a. (30) 
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For any classical state and for any operator F{x^,n) 
with a nonnegative associated c-number function 
F(2ReQ;, the mean value 1)30(1 is nonnegative. If we 
identify : F{x,n) : with : f^f : together with the special 
form / given in Eq. H29|) . we derive necessary conditions 
for classicality in terms of the determinants 



(: x^h 



(31) 



is sufficient to demonstrate the nonclassical behavior of a 
quantum state. Note that these conditions already char- 
acterize nonclassical effects by the first order determinant 
di. By inspection of its expression, 



di = 4(n) 



^ip + 7T/2 ■/' 



(40) 



(2) 

we observe that the condition d\ < reproduces 
the condition for quadrature squeezing provided that 
(^ip+7r/2) = Oj that is for quantum states whose mean 
amplitude is vanishing, as for example in a squeezed vac- 
uum state. 



N 



as 



Consequently, if 



'TV 



4^ ^ 0- 



<0, iV = 2,3, . 



(32) 



(33) 



the nonclassical properties of the considered quantum 
state have been verified by a sufhcient but not necessary 
condition. 

The latter can be illustrated as follows. There exist 
operators F[x^,fi) of different kind whose associated c- 
number function F(2 Re(Q;e"''), jap) is nonnegative. Let 
us consider 

F{x^,n) = (4n-x^)/T(x^,n)/(i^,n). (34) 
It is clear that the corresponding function is nonnegative 



F(2Re(ae-"^),|an =4W (ae""^) 

X |/(2Re(ae-''^),|an|2 ^0. 



(35) 



This leads to the following necessary conditions for the 
nonnegativity of the P-function: 



d^N^ ^ 0, 

which is formulated in terms of the determinants 



7(2) _ 



4moi - m2o 4mo2 - m-ix 
4mo2 - m2i 4r7io3 - 77122 



(36) 



(37) 



with 



N 



(38) 



Consequently, the violation of the nonnegativity of one 
such determinant, 



S^^<0, iV = l,2,..., 



E. Relation to the 17th Hilbert problem 

In his famous address to the 1900 International 
Congress of Mathematicians Hilbert formulated 23 prob- 
lems that he considered to be the most important prob- 
lems to be solved in the following century. The 17th 
problem, in its simplest form, was solved by Artin in 
1926. Artin's solution can be formulated in the following 
theorem (see e.g. H^): 

Theorem 5 (17th Hilbert problem) ; Any nonnega- 
tive polynomial F{xi, . . . , Xn) G R[a;i, • . • , Xn], 

F(xi,...,x„) ^ 0, V(a;i,...,a;„) e R", (41) 

can be represented as a finite sum of squares of rational 
functions 



F(^xi , . . . , Xj^ 



N 

^i?2(xi,...,x„), (42) 
fc=i 



where Rk{xi,. . .,x„) & R(a;i, . . . , Xn), i- e. 

i?fc(xi,...,x„) = — (43) 

'^k\Xl^ . . . , Xn) 

and all Fk and Gk, k = 1, . . . , N are polynomials 

Fk{xi,...,x„), G'fe(a;i, . . . ,x„) g R[a;i, . . . ,x„]. (44) 

This theorem is useful for getting deeper insight in the 
general problem of formulating conditions for the non- 
classicality of quantum states in such cases as discussed in 
the preceding subsection. For this purpose let us consider 
the nonnegativity condition to be fulfilled for any quan- 
tum state that has a classical counterpart. Let us restrict 
the class of functions F{xi,X2), with xi — 2Re(Q!e^*'^) 
and X2 — on the r.h.s. of Eq. ((30|l to polynomials. 
Now we may formulate the nonclassicality conditions in 
terms of the operators Xi^ and n by using Artin's solution 
of the 17th Hilbert problem as follows: 



(39) 



(: F{x^,n) :) 



N 

E 

fc=i 



Fk{S:^,n) 
G\{x^, n) 



< 0. 



(45) 



That is, the condition for nonclassicality leads to 
normally-ordered expectation values of fractions of 
squares of polynomials. The extension of the conditions 
beyond polynomial functions is not obvious, nor it is 
straightforward to formulate necessary and sufficient con- 
ditions for nonclassicality in terms of normally-ordered 
moments of and n. Also other types of operators, 
even if they render it possible to span the algebra of the 
harmonic oscillator by using commutation rules, are ex- 
pected to lead to similar problems. 

In the cases of the operators a) and a on one hand 
and and on the other hand these problems do not 
exist. The general form of functions according to the so- 
lution of the 17. Hilbert problem is not needed due to 
the direct relation of the considered expectation values 
(: P f :) to the Bochner theorem. This allowed us to 
directly formulate necessary and sufficient conditions for 
the nonclassicality in terms of the moments of these op- 
erator. In the following we will consider the possibilities 
to measure these moments. This eventually allows one to 
characterize nonclassical states by measurable moments. 

III. MEASUREMENT OF MOMENTS 

In the preceding section we have considered the for- 
mulation of criteria for the nonclassicality of quantum 
states in terms of moments. Such criteria are only of 
practical interest if one can design measurement princi- 
ples that allow one to determine the corresponding mo- 
ments. Since these schemes will depend on the types of 
moments, we will consider them separately. All these de- 
tection schemes will be based on homodyne correlation 
measurements. An important advantage of such mea- 
surements consists in the fact that the accessible infor- 
mation on a quantum state is not smoothed out be small 
detection efficiencies. 

For the first time homodyne correlation measurements 
with a weak local oscillator have been proposed for mea- 
suring squeezing and anomalous moments, containing 
nonequal powers in the annihilation and creation oper- 
ators, in resonance fluorescence 0. This measurement 
principle was studied in more detail , where the detec- 
tion of quantum correlations of the photon number and 
a quadrature operator has been analyzed. Later on such 
measurements have also been considered for determining 
particular nonclassical properties of light ^] . In the fol- 
lowing we will modify the method in such a way that 
it becomes possible to determine the different types of 
moments considered in the preceding section. 

A. Detection of {a)^a}) 

Let us consider the detection scheme presented in 
Fig. ^ As an example we have shown a measurement 
scheme of depth d = 2, where the depth is the num- 
ber of beam splitters between the entrance beam splitter 
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LO vac 




PDi PD2 PD3 PD4 

FIG. 1: Scheme for measuring the moments {{a'')'' a'}. 

BSo and any of the detectors PDi,...PD4. An auxil- 
iary photodetector PDa is used here and in the follow- 
ing measurement schemes to record, simultaneously with 
the correlation measurements of interest, the intensity of 
the local oscillator. In principle the measurement device 
could be further extended to an arbitrary value of depth 
d. Below we will show that such a scheme allows one to 
measure the moments {d^^a}) for fc, Z = 0, 1, . . . , 2^*. 

The entrance beam-splitter for the signal field, BSq, is 
characterized by the parameters Tq and i?o with 

l^ol » |i?o|, (46) 

so that the signal field of interest is almost completely 
used for the correlation measurements. In our scheme 
the strength of the local oscillator on the detectors is 
typically of the same order of magnitude as the signal 
field, which is easily realized with a weakly reflecting en- 
trance beam splitter. All the other beam splitters in the 
device are 50%-50%, so that their parameters and Rk 
can be written in the simple form 

Tfe = -^e^'^^ Rk^^e"^". (47) 

The operator ao describing the field behind the entrance 
beam splitter BSq reads as 

So = -7^(^00 + i?oaLo)- (48) 
V2 

It is clear that all the operators Sl-^\ that describe the 
fields on the fc-th detector, are proportional to the oper- 
ator ap, 

af = -=ao + ..., (49) 
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where . . . stands for a combination of the corresponding 
vacuum-channel operators which gives no contribution to 
the quantities considered below. The phase depends 
on the path leading from the beam-splitter BSq to the 
k-th photodetector PDk- 

The measurement scheme can be used to detect the 
coincidences registered by all n photodetectors, which are 
described by the normally-ordered correlation functions 
Tfei ... fe„ of the form 



id)U{d) ^id)U{d) 

ki "fei ■ • ■ "fcn "fe„ 



rfei,...,fc„ = (: a^:;"a^7 ...ai:"a 



Using Eq. H49|l it is clear that these correlations do not 
depend on /ci , . . . , fc„ and they can be written as 



(51) 



Summing up over all possible combinations of n photo- 
detectors, in order to avoid loss of measured data, we get 
the following function: 



Fn — ^ ^ki,...,k„ 
{fei,...,fc„} 



(52) 



m— — n 

where (f = c/?lo — 7r/2 and the coefficients fn{i^) read 



k-l=m ^ ' ^ 



(53) 



|ro|^+'|i?oa| 

The function F„ in Eq. (|52|l is a function of the phase ip 

F„ = (</?), (54) 

and the coefficients /„ (m) can be obtained from this func- 
tion using Fourier transform 

/n(m) = ^ ^4^5)6-™^ dvJ. (55) 

Each coefficient ]n(jn) in Eq. 153|l is a combination of 
some moments (a^^a^). From these combinations it is 
possible to extract the moments {a^^a^) themselves step 
by step. The moments (a), (a^) and (a^a) can be ob- 
tained directly from F\ (ip) , 



(a) = 



(an = 



|Toi?oa| ' 

/i(l) ^ 
|Toi?oa| ' 
/i(0)-|floa|^ 



(56) 



Using these moments the next step gives the explicit ex- 
pressions for the moments (a^'^a'), k,l — 2. We present 
the expressions only for the moments (a^) and (a^a})^ 



8 /2(-2) 
3|roi?oaP' 

14i2(-l)-3|i?o«P/i(-l) 
3 



(57) 



Figure |5] illustrates the possibility to extract the gen- 
(|50) eral moments (d^'^a'), ^ k,l ^ 2'^ step by step. The 
n-th step is the extraction of the moments {a)^a!') with 
^ fc, Z ^ n, i. e. the moments {a^^a}) with (A:, I) corre- 
sponding to the square 



S„ = {{k,l) € 7?\Q ^k,l^ n}. 



(58) 



But, in fact, we don't measure the moments {a^^d}) 
themselves, we measure their combinations fn{m), m — 
—n, . . . ,n, that consist of the moments (a^'^a'), Q ^ k,l ^ 
n with additional condition k — l = m. Geometrically the 
combination /„(to) contains the moments (d^'^d') with 
{k,l) in the intersection of the square Sn and the in- 
clined line Lm : k — I = m. This means that using the 
data obtained on one step only it is impossible to ex- 
tract the moments {a^'^a}), but assuming we have the 
data of previous steps it is: each combination /n+i(fTi) 
contains one new moment by comparison with /„(m). 
Note that fn+i(n+ 1) and fn+i{—n — 1) contain one mo- 



ment only, 



and (d"+^) correspondingly, so that 



these moments can be measured without keeping the in- 
formation of previous steps. Geometrically this means 
that Sn+i n L,„ contains one point more by comparison 
with Sn n Lm- So, step by step it is possible to extract 
all the moments (d^'^d'), ^ k,l ^ 2'^. The last step, the 
2''-th, consists in the extraction of the moments (d 
with k or I (or both) being equal to 2"^. 



Detection of (: x^pl^, :) 



The moments (: x^p^ :) can be measured with the 
scheme presented on the Fig. |21 as it has been proposed 
in 19] . In fact, this is a slightly modified version of the 
Noh-Fougeres-Mandel device [23. The lowest-order mo- 
ments are explicitely expressed in terms of the correlation 
functions Tj, Tjk according to the following formulas: 



= V2'- 



ri 



(59) 



The second-order moments are of the form 
T12 — 



Pi ■■) 



in 



(60) 



. . , . Tia + — ri2 — 

x^Pv ■■) = 4 — (n). 





FIG. 2: Step by step extraction of the moments {a^'^a}). 




FIG. 3: Scheme for measuring the moments (: x'^p[p :). 



where 

(n) = ri + r2 + r3 + r4- lap. (ei) 

The amphtude \a\ of the local oscillator is detected by 
the auxiliary photodetector PDa- Note that one could 
also try to use the measured data more efficiently as dis- 
cussed in detail in the preceding subsection. However, 
this would lead to somewhat more complex expressions 
for the moments. Since the procedure is straightforward, 
we do not present it here. 

The scheme in the form shown in Fig. O allows one to 
determine all the moments (: i^p^ :) up to the order 
oi k + I = 4. The further extension of the method is 
straightforward. For example, each of the detectors PDj 
(i ~ 1 ... 4) can be replaced with a beam splitter, each 
of which mixing the field with a vacuum input. In their 
output ports the output fields are detected by pairs of 



FIG. 4: Scheme for measuring the moments {: x'^fi :). 



photodetectors. This allows us to extract the moments 
up to the order of fc + / = 8, and so forth. 



C. Detection of (: £*n' :) 

Figure 21 illustrates the possibility of measuring mo- 
ments (: xjjn' :) by an extended version of the homodyne 
cross correlation scheme considered in Ref. 7] . The mo- 
ments (n) and (x^) can be obtained according to the 
following relations 

(h) =^l + ^2 + ^3 + ^4-|a|^ 
(^^) = ^(ri + r2-r3-r4). ^^^^ 

Higher-order moments can be extracted from the mea- 
sured data step by step. 

We give explicit expressions only for the second-order 
moments. The moment (: :) can be directly measured 
with blocked local oscillator. Note that this moment and 
the first-order moments together allow one to calculate 
the moment (: :): 

Tia -I- + -I- r24 = 

\[{:n^:)+2\a\'{h) + \a\^~\a\^{:xl:)). ^^^^ 

The moment (: nx^ :) can be obtained from the simple 
relation 

ri2 -r34 = nx^ :) + (64) 

All higher-order moments can be measured in such a way 
with an appropriately extended version of the scheme 
shown in Fig. 0] 
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IV. AMPLITUDE-SQUARED SQUEEZING 



In fact, the determinant (|70|l can be written as follows: 



In this section we will consider a particular nonclas- 
sical effect which can be well described in terms of the 
moments-based nonclassicality criteria derived in Sec.lTTI 
The examples will also be simple from the viewpoint of 
the measurement of the needed moments, when the mea- 
surement principles of Sec. Illll are used. This example is 
the amplitude squared squeezing j^^. We note that for 
the measurement of amplitude-squared squeezing to our 
knowledge there exists no direct measurement principle. 
It has been proposed to measure the effect after the in- 
teraction with a Kerr medium ^3^. Such techniques are, 
however, not easy to use and require sufficiently strong 
signal fields for realizing the nonlinear interaction before 
the detection. Hence a possibility of a more direct mea- 
surement of the effect would be of interest. 

Let us start with the characterization of the nonclas- 
sical effects we are interested in. As a special choice of 
/ in the nonclassicality condition © let us consider the 
following operator 

= a^e*-^ +a1-2e-'^. (65) 

According to (O for any number c the mean value 

(: {X^ - cf :) > (66) 

is nonnegative for all classical states. For c — (X^p) this 
gives the following condition: 



(: (AA^)^ :) ^ 0, 
or, in other words, the condition 

(: (AX^r :) < 



(67) 



(68) 



S3 - -min(: (AA^)^ 
4 V \ 



max(: (AA^)^ 



(72) 



It is not difficult to see that the last term in the product 
on the right hand side of this equality is always nonneg- 
ative 



(73) 



max(^: (AA^)^ :) ^ 0. 



The explicit expressions for the minimum and the maxi- 
mum of the variance of the operator X^ are 



min(: (AA^)^ 
max/: (AA^)^ 



= 2 
= 2 



Aat2Aa2 



(74) 



It is clear that the mean value (^Aa^^Aa^y is always non- 
negative. Due to the second of the equalities (|74|l the 
maximal variance of X^ is always nonnegative. Hence 
the condition for the negativity of S3 in Eq. (|72|l is a 
direct demonstration of amplitude-squared squeezing. 

An advantage of this method for demonstrating am- 
plitude squared squeezing consists in the fact that we 
do not need to adjust the local oscillator phase to the 
noise minimum. The negativity of the considered subde- 
terminant demonstrates the negativity of the minimum 
of the normally-ordered variance already. Moreover, the 
moments (a^), (a'*) and {a^'^a?) needed in the condition 
((7n|l are easily obtained by the methods of the preceding 
section. 



is sufficient for nonclassicality. We note that the condi- 
tion for amplitude-squared squeezing can be easily ex- 
pressed as 



V. MINIMUM-UNCERTAINTY 
AMPLITUDE-SQUARED SQUEEZED STATES 



s(2) = 



1 



< 0, 



(69) 



in terms of the moments of two quadratures. 

Another way to formulate the condition for amplitude- 
squared squeezing is based on the moments of the oper- 
ators a^, a. Let us consider the subdeterminant S3 that 
results from the determinant (|12|) by canceling all its rows 
and columns except those beginning with the elements 1 , 
(a^) and (a^^). This leads to a nonclassicality condition 



of the form 



S3 



(a2) 

'at2\ 



it2\ 



(a' a ) 



< 0. 



(70) 



We show that the negativity of this determinant is equiv- 
alent to the following condition 



(71) 



(AA^)^:)<0, Vv?. 



Let us consider amplitude squared-squeezed states in 
more detail ([2^ |^ 112 )• By definition, a state is 
amplitude-squared squeezed if 



min(: (AA^ 



<0, 



which can be rewritten in the equivalent form as 
3^ : ((AA^)2) < 4(n) + 2. 



(75) 



(76) 



We consider here a special class of amplitude-squared 
squeezed states that satisfy the minimum uncertainty re- 
lation |31J. For this purpose we introduce the operators 



X — A<p, Y — A;p_|_7r/2- 



(77) 



They fulfill the uncertainty relation 

((AA)2)i/2((Ay)2)i/2 ^ 4(j^) + 2. (78) 
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(a) A = 1.01 



(b) A = 1.05 





3 -3 -2 



(c) A = 1.1 



(d) A = 2 



FIG. 5; The Q function of amplitude square squeezed states 
1^ for m = 2. 



A state satisfies the minimum uncertainty relation if 

((Al)2)i/2((Ay)2)i/2 = 4(,j) + 2. (79) 

In the following wc will only consider pure quantum 
states. 

As it has been shown in .3^ ] , a pure state \ip) satisfies 
the condition 1)79(1 if it is a solution of the eigenvalue 
problem 



(80) 



for all real nonnegative A and any complex (3. One can 
easily check that form Eq. (|80|l it follows that 



((AX)^)=A(4(n)+2), 
((Af)2) = i(4(n>+2) 



(81) 



For either A > 1 or 1/A > 1 one of the variations on 
the left-hand sides of Eqs (|81l) satisfies the condition 
()76|l . Therefore the state (180(1 is always amplitude-square 
squeezed, except for A = 1. 

It was shown in l3l| that there exist solutions of 
Eq. ^ of the form ' 

|V(m, A)) = c™(A)5(z)ff™(i7at)|0), (82) 



\ 



\ 

\ \ 



I 



\ \ 
\ \ 

\ \ 



FIG. 6: The determinants S3 l|7()|l for m = 2 (solid), m = 3 
(dashed) and m = A (dash-dotted). 



where 



, ^ , e"'/\fVT^^ < A < 1, , ^ 
7 = 7(A) = { , / (83) 
VA2^/2A 1 < A, 



and 



\CmiX)\' 



(-1)" 



, m!C;;"(2|7(A)|2) 



TO = 0, 
TO > 0. 



(84) 



The parameter (3 in the equation 180(1 is connected with 
TO and A by the expression 



lzyr^(2TO + l) 0<A<1, 
^ \x/A^(2to + 1) KA. 

The parameter z = z(A) — re*''' reads 

\/2 < A < 1, 



A + 1 ' ^ 



1 < A. 



(86) 



Some examples of the Q-function of the states 1(82(1 are 
shown in Fig. 

In Fig. El we illustrate examples of the determinants for 
the minimum-uncertainty amplitude-squared squeezed 
states under study. It is of great importance that all the 
moments appearing in the nonclassicality condition 1(70(1 
can be determined by the homodyne correlation mea- 
surement technique proposed in Sec. IIII Al Unless the 
methods of quantum-state reconstruction, for a review 
cf. the measurements proposed here are even possi- 
ble in cases when the overall quantum efficiency of the 
detection device is small. 



VI. SUMMARY AND CONCLUSION 

We have shown that condition for the nonclassicality 
of a single-mode quantum state, that is the failure of 
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the P-function to be a probability measure, can be for- 
mulated in different ways. All the versions of necessary 
and sufficient conditions the we have formulated in this 
paper turn out to be special representations of the viola- 
tion of Bochner's condition for the existence of a classical 
characteristic function of the P-function. The considered 
formulations of different forms of nonclassicality criteria 
include characteristic functions of quadratures and dif- 
ferent types of normally-ordered moments. Most impor- 
tantly, all the quantities under study are accessible to 
observation. Their measurement, however, requires to 
develop new types of measurement principles. 

We have proposed rather simple and direct methods 
of measuring three kinds of normally-ordered moments 
of a single-mode radiation field. For each type of mo- 
ments a particular detection scheme is analyzed: for the 
moments {a^'^a}) of the creation and annihilation oper- 
ators, the moments (: i^p^ :) of two quadratures and 
the moments (: x^n' :) of a quadrature and the photon 
number operator. In all the considered schemes the total 
number N of photo-detectors needed to measure these 
moments is at most twice as large as the largest value of 
k and I: N < 2max(fc, Z). We also tried to present the 
extraction procedure for the moments in an optimal way 
form the viewpoint of an effective use of the available 
measured data. This means that one tries to use all the 
data obtained in measurements. Unfortunately this does 
not provide the expressions for the moments of interest 
in its simplest form. In the simplest form one would 
not need to sum up the correlation functions of all possi- 
ble combinations of photo-detectors to get the moments. 
However, one would lose part of the measured data and 
thus this simplified approach would be less precise from 
the experimental point of view. 

Our new methods of characterizing nonclassical ef- 
fects by moments of annihilation and creation operators 
are applied to the characterization of amplitude-squared 
squeezing. We have shown that our criteria give a di- 
rect insight in the effect of amplitude-squared squeez- 
ing without the need of adjusting the phase of the lo- 
cal oscillator. More importantly, the demonstration of 
amplitude-squared squeezing until now was considered 
to require a rather difficult and indirect observation pro- 
cedure, so that this effect received little attention in the 
context of experiments. The measurement procedures 
proposed in this paper turn out to be of particular sim- 
plicity for demonstrating the amplitude-squared squeez- 
ing effect. This may lead to new interest in this special 
nonclassical effect. 

In conclusion we have formulated new types of criteria 
for characterizing nonclassical effects of radiation fields. 
For all versions of nonclassicality criteria we have pro- 
posed appropriate and simple measurement principles. 
These principles are based on homodyne correlation tech- 
niques with a weak local oscillator. They can be used 
even when the quantum efficiency of the device is small. 
The proposed methods may open new possibilities of 
demonstration and practical application of nonclassical 



effects of radiation fields. 
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APPENDIX: MOMENTS OF 
AMPLITUDE-SQUARED SQUEEZED STATES 

The moments {a)^al')m of the state IV'm) can be ob- 
tained in the following way. Let us take 



(A.l) 



where the parameters z and 7 are defined by the Eqs. I|8t)|) 
and H83|l correspondingly. It is clear that 



(A.2) 



We calculate the quantities (V'm|a^'^a'|V'm) with the help 
of the generating function 



+00 



Clearly, 

-t-00 



n,ni,k,l—Q 



nlmlkW 



(A.3) 



J2 (Vinia^'a'ivi^ 



1 ' 



n,m=0 (A.4) 



and the function F{x,y,u,v) reads as 
F{x,y,u,v) = 

(0|e-^'-2*~™5^(z)e"^^'e™S'(z)e"^'+2i7a<it| 



(A.5) 



Using the relation 

aS'(z) = S'(z)(^a + j/at) (A.6) 
it can be further simplified to the following form 

F{x, y, u, v) = exp(^-iw^Awr^ , (A.7) 

where w = {x, y, u, v)'^ and 

/ 2 -4|7p -2iV"f -2z^7\ 



A 



-4|7|2 2 2ifi^ 2ij/7 
2^777 2i/i7 — /il/ — I 
\—2ifj,j 2ii'j ^fiiy / 



(A., 



From this expression it follows that 



(A.9) 
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where _ff^^^,(0, 0, 0, 0) is a four-dimensional Hermite 
polynomial defined as (e = (a, b, c, d)'^) 



n!m!fc!n 



n,m,fc,i=0 



exp ^— ^w^A w + w^Ae^ . 



(A.10) 



Finally, we arrive at the result 

(at'=a')„ = |c„|2ijit\,(0, 0,0,0), (A.U) 
for the moments we are interested in. 
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